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I'lxact solutions l.o tin' (ic'ld (M|iial.ioiis o( 'Го|)о1о;г;1са,11у ma.ssiv(i gravity wit h 
a cosmological coiisl.anl. ai<' pix'scntisl. Tlics(' ai<‘ lK)mog<m<'o\is,a,iiisotro|)ic 
Bianchi J ’ypc VIII and l'y|x' IX mainlolds and generalize' tiu' linitc action vac- 
niim solutions of (.opologica.ily massi\ ('gravity.We (ind tlia.t only tliose  ^solutions 
in which two of tli(i constant scale (actors are' the' same admit a. e'.osmole)gie a.l 
e'.onstant.We also lind tha.t,ele'|)eniding e)ii I,he' signature' and the sign e)f I he' e e)s- 
nioleygical e'.e)nstant,the'se' se)lutie)iis |)e>int te> the e.xiste'ite:e e)f a. e ritical value' lor 
the te)|)ole)gical mass whie h is ele'te'rmine'd by the ce)sme)le)gie al e e)nstaid .
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2 -f- I hoyul.lıı ııziiv z;ııııaıul<ı ,t>;(‘r('i li Topolojik kiii.U'li gı a.vil.asyoH ( ('oı i.siniıı 
lıomojeıı,a.ui.sol.ropik r(’)/,iiinleri kozmolojik sabit iy('r('c<'k fji'kiMi' geıu'lleştiı ildi. 
Prol)lcnKİ(i kozmolojik gi'iıi.'^kmK' laktörk'i i sabit alımlı.Hıı röziiınler Miaın lıi- 
VIII ve Hiandn-lX tipi olup a.yııı za.mamla sonlu ('yleınlidirli'r.Sonuç ola.ıa.k 
sader(',iki,sal)il. kosmolo jik t^>;('uif^ l(Mn(' rakicirıim’in olduğu durumlarda çözıiın 
lerin kozmolojik sahil, kabul ('Uiği pisii'rildi.Ayrıca hu ç.()ziiml('i· topolojik kiitle 
için kozmolojik sahith' hidirh'iu'n kı itik hir d('gerin va.rlıgınada işaret ('tnu'kte- 
dir.
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C h ap ter  1
In tro d u ctio n
In tins tli(^sis,('xart solutions to tlu' (i('ld ('(juations of To|)olo,ü;ically Massive 
G ra v ity  incliuling· a cosmological constant will be i)reseni,('d.
Lower dinn'iisiona.l gravity tli('ori(\s a,i(' a,ttractiv(' for tlndr interesting prop- 
erti('s [l].In low diiiKMisions, a.ltliongii tlu' fnndanunital pio|)('rti(\s of tli(' higher 
diiiK'iisional fi('ld th('ori(\s still r('inain,th('ii‘ matlu'inathica.l complexity disap­
pears. TIu'refoK' low(M‘ diirn'iisional gravity theori('s a,r(' stndi('d as l.oy mod­
els,tn gain insight in to high('r dinn'iisional theori('s.'rh('v ar<' also stndic'd in 
their own right,,for nnd('rsta.nding low('r diimnisiona.l systi'ins.lh'sides that tlu'se 
theories are int('i('stiiig ma.th('ma.tically.
In three spac('l,im(' diirn'iisions gi a.vity tlu'ories ha.v(' dideixnit structiiK'.TlK'ir  
structure relic's on |)i‘o|)('iti('s niii((ii(' to l,hr('e dinu'nsional HL'inannian m ani­
folds.'Therefori' t-h('y ('xhil)il, at,tractive' matln'inatical prope'i tic's. Also pai ity,spin 
and statistical Ix'lnu ionr ol those' the'oiie's are^  diife'ix'iil, than th(' real de)nr di­
mensional theoi y,( ¡e'iie'i a.l He'la,ti\ ity. Vov a. general disenssion e)f th(' ( lire'C' eli- 
meiisional field tlu'oi ie's se'(' rcdc' -e'iie e's [2
In 2-f-l si)a.ce'time' elime'iisions Isinstc'in gravil,y is sonu'what, diifi're'iit tha.n 
the d-f-l oiucit e'xliibits some' nnnsnal lea.tnre's,whi('h can he' de'elnced (re)m the 
proi)e'rties of the' l·yİIlste'in (ie'ld e'ejiiat iejns a.nd the' e nrvatnie' te'iisor [i)|.ln 2 f-1 
dinu'nsions the' e iir\atn!e' aiiel the' I'jnsl.e'iii (e'lisor are' e'epıiva.le'iıt.TİK'ie'lore' the 
curvature is de'te'rmine'el le)e'ally by the' matte'i* distribntion anel the' cosmole)gie*al
constant. Spacc'tinu' is (lat,dc Sitt('r,or aiiti-d(' Sitter depending on tlu' valiu' of 
the cosiiiologieal constant.As a n'snlt th('.r(' ai(' no gravitational wave's outside 
the matter.How('V('r point particle's may have' non-trivial global effects on the 
spacetime siirre)nnding theMn.C!e)rie'spe)nde'ne.e' with the Ne'wte^nian gravity also 
breaks down [4l [51.
In 2+1 dime'nsie)ns,a.s an alte'rna.tive' to Einstein gravity S.I)eser,H..Jae kiw 
and S.Ternplete)n [2] [4] pre)|)e)sed d\)pe)le)gically massive giavity in li)82.The 
field e'quations e)f d\)pe)logie*ally Massive gravity consist of the^  usual hlinste'in 
tensor conpleel te> e'e)ide)rma.l tense)r.ln tlirex: dimensioiis the' We'yl tense)!* van­
ishes due to equivale'iie e' of the cnrvatiire and the Ricci tense)!*. [13].Therefe)re 
one uses the e'X)nfe)i*!nal tense)!* iini(|ne' to thre'e diniensie)n [15].It is re'leM-ed to 
as Bach tensor,York te'nsor,e)!· the (k)tte)n tense)!*.As Weyl tense)!*,it is invariant 
under local conre)rnia.l transre)rma.tie)ns of the nietric and vanishe's if and only if 
the metric is conre)i*!nally flat.It is alse) tracel(^ss,sy!mnetric and e ovariantly ce)n- 
stant. The action fe)r Te)j)ole)gically Massive (¡ravity consists of the Einstein- 
Hilbert term ce)nple'el te) a terni which is pi*opo!*tional te) (die'-rn-Simons se'e> 
ondary characte'!*isti(* e lasse's [ll.h^instedn g!*avity e'e)nj)led to the' Chern-Simeins 
gravity become's a elyna,!nie*a,l the'e)!*y.Eurthe!*!ne)re' in this the'e)!*y gra.vita.tional 
waves become nia.ssive' [2].
In this thesis e'xae t se)lntie)!is te) the' (ie'lel ee|nations of Toi)oIe)gically niassive 
gravity including a. e*e)S!ne)le)gical e*e)nstant will be ])!*esente'd.The'se are' Biane hi 
Type'-VIII and 1 ype'-lX he)!ne)gene'e)iis, anise)tre)pie* !nanife)lels and gene!*alize the 
finite action solntie)ns e)f te)|)e)logie*ally nia.ssive  ^gravity.
The plan of this the'sis will l)e' as re)llows. In se'ction 2, we shall int!*odnce 
topole)gically massive' gravity. In se'ctie)ns 3 and 4 solutie)ns of the fie'ld eepia- 
tions of topologieally niassive' gravity including a e'osme)logica.l constant will 
be pre'sented.l·^inally at the' last s('e*tie)n,r), we shall summarize and dise uss the 
solutie)iis obtaine'd.
C h ap ter 2
T op olog ica lly  M assive  G ravity
111 2 +  I (liiiKMisioiial spaci'-l.iiiH' Iíiiisl.('iii‘,s <a(ual,ioii can wriUcni as,[
-I- Ai/', =  kT \ ( 2. 1)
where G\. ifi i'he I'/insl.i'in (.('iisor
G'k =  ~ ( 2 .2)
Wf. is I.Ik' l{,icci t(ni.sor,/f’ i.s (.he ciirvatnríí .scalar. A is (,Ih' co.sinological coiisl.anl. 
and K i.s (,1k' gravil.al.ional consl.anl. wil.h l.lu' diiiiension of inver.se niass (r -- I). 
T \  i.s tli(' ('iKMgy inoiiK'nl.nm l,('ii.sor ol I,1k' mal.í.i'r íi<'Id.
In (diree dimensión Hii'niann t('nsor R.icci (,cnsor a.nd (,lu' l'ansf.ein (,<'nsor 
llave hol.li six coiiipoiH'nl.s.d'hai can Ix' síx'ii from (,he syiiiiiie(,ries o( l.hos(' 
(xMisors [12] Rieiiiann l.ensor can he comph'lx'ly wriKx'ii in teriiis oí l.lx' Kinsix'in 
(.('iisor or l.lu' Ricci (.nisor [d] [.hj.lMpiivalenUy Riinnann l.ensor can Ix' wii).(,en 
as the donhh' dual of (.he l'/insl.cin l.ensor [Gj.
i n i k)hn
As a result the curva,tur(' l,('nsor is determiiKxl locally by tlu' matter distribu­
tion and tiu' cosmological constant. Tln'iefore source' free regions of spax e'tinu' 
are' re^gions of consl.ant e urvature'.As a le'sult there are ne> gravitatie)nal wa\^e's 
in threx' elime'nsie)na.l iMiiste'in gia.vity.Si)ace is le)ca.Ily flat,eh' Sitte'i* e)i* a.nti-eh' 
Sitter de'pe'iiding ehi th(' value' ol the' ce)sme)le)gical ex)nstant [Ij.lii vacuum the' 
curvature te'.nsor is give'u by
( 2 .^ 1)
with the trace'
II =  ()A (2.5)
lh)r a genc'ral dise'ussie)ii ol the' thrc'C' diniensional ICinstein gravity sc'c' the^  le'f- 
e're'iK'.es [^ 1] and [5]
As an alte'rnative to lOinstc'in gravity in thre'c  ^ dime'nsions S.l)e'se'r,K.Ja.ckiw 
a.nel S/iem|)le'.ton [2],[2] |)ie)|)ose'd topologically massive gravity,in I9S2. It is 
ma.thematica.lly attra.e tive' as it possc'se's |)ro|)e'rtie's uniepie' to thre'e dime'iisiona.l 
ma.nife)lels.
In dbpologically massive'gravity the' hanste'in tense)r is ex)uple'el to eoidormal 
tensor for thre'e dime'nsiona.l manifolds. It is the anale)g of the^  e*.e)nformal te'nse)r 
e)f VVe\yl whic h is not dc'line'd in thie'c' dime'nsions.DJd' iielel e'ejuatie)ns fe)i· the' 
vacuum are'
<■'·>, +  =  » (2.(i)
where  ^ G \  is the iMiiste'in tc'usor a.s de'line'd above. C \  is the conformal te'iisor 
in three dimensions and //, is the' DJT e-ou|)ling constant with the', elime'iision of 
inve'rse  ^ h'ligth.
ddie' eoidormal tc'iisoi· is e allc'cl the' (!e)tton tc'nse)r,Ye)rk te'iisoi· or the' 
liach tensor in the litc'ra.tuie' and it is the' thrc'e elime'nsie)iial anale)g of the' VVe'.yl
tensor which is defined in higlier dimensional spaces. It is defined as
c \ . (/4m (2.7)
It is of third order derivatives with respect to the metric.lt is traceless,symmetric 
and covariantly constant hy virtue of the Bianchi identities satisfied l)y (!\.
 ^hmn \J (2 .8 )
Also it is invariant under local conformal transformations of the metric and 
vanishes if and only if the metric is conformally flat.For details of this sul)ject 
see references [15], [7],[2].
The D JT field equations with a cosmological constant can be derivcxl (Vom 
an action which contains the ICinstein-lIilbert lagrangian coupled to a (diern- 
Simons term with tlus cou|)ling constant /¿.This term corresponds to th(  ^ (!hern- 
Siinons secondary charactc'i istic class. [2]
A·/ J K It (2.9)
where Ics is tlie CfiK'ni-Simons lagrangian
/  ' ' ....IK  “  +
Here we have irsed (,he K.icci connection definition of tlie curvature li,„Ak 
i.s the torsion-free si)in conmx'.tion [10].
Ui)on variation with niS|)ect to tlu' metric, the usual Einstein-lIilhcM t term 
gives the Einstein teirsor and the Chern-Simons term gives the conformal tcui.sor 
in three dimensions. [2].Ther('fore the vacuum D.JT field ecpiations exprc'.ss a 
balance between the liinstein teirsor and the conformal tensor. We shall not 
rederive tlu' D.JT field e(|uations Inue since this is not related to our probhun
directly.One can find the details of this derivation in reference [2]. DJT
field equations for the vacuuin are
+ j j C \  =  0 (2.11)
with the trace
R =  6A
(2. 12)
where A is tlie cosmological constant.
In to])ologically massive gravity, due to Cliern-Simons coupling,gravitational 
waves become massive with the mass |)arameter ft [2].Also the gauge invariance 
may lead to quantisation of the mass |)arameter //,depending on the to|)ological 
properties of the gauge group.
(Vi V' (2.13)
Various exact solutions of tlu  ^ vacuum DJd' field ecpiations ar(  ^ known.Hall 
,Morgan and Perj('s [9] have constructed Newman-Penrose formalism and dis­
cussed the algebraic structure of DJd' fields.They have presented ik'w alge­
braically special exact solutions.One of these solutions,reminiscent of the Brink 
man metric ,descril)es the pro|)agation of a gravitational wave. In particu­
lar,there are finite-action solutions [10] [11] [8] [12]. Special cases of Bia.nchi 
Type VIII and Type IX solutions have been studied by Vuorio [10] Percacci 
et.al. [11] and Nutku and Ba.ekler [8],in the case of vanishing cosmological 
constant.Therefore It will be of interest to see if they can be generalized to 
include a cosmological constant. A su])ersymmeyric generalization of topologi­
cally massive gravity including a cosmological constant has been considerc'd l)y 
S.Deser [17].We shall consider the field equations for the bosonic sector here'.
We shall ])res('iit ('xad, solutions to the field equations of Topologically 
massive gravity including n cosmological constant.These are Bianchi Ty|)(' V I11
and Type IX homogeneous anisotroj)ic manifolds.
Three dimensional lie algebras were classified by L.Bianchi [14] around the 
turn of the century.The solutions,that we present,are Bianchi Type-VIII and 
Type-IX. A Lie algebra can be given by its basis left-invariant 1-forms. We 
shall denote them with
(T (2.14)
We shall consider an orthonormal frame with the metric
(2.15)
where the co-frame,
u>’ =  A,cr‘ (2 .1C)
is proportional to the hift-invariant 1-forms cr* of either Idianchi Ty|)e-VIII or 
Type-IX, depending on the choice of Lorentz or Euclidean signatiire for i)ik 
respectively. In e(|uation (2.16) we set the scale factors A, as constant and 
there is no summation convention over the label i.
M aurer-Cartan’s e<iuations of structure are
da' =  k C : W  
2 ^
(2.17)
where \  are the structure constants of Bianchi Type-VIII or Type-IX.
Connection 1-forms curvature 2-forms 0   ^ and the Riemann curvature 
tensor 7?*^ ., are calcvdated from the C artan’s equations of structure
(Ιω^  +  ω \  Λ ω^ ' =  Ο
(2.18)
C h ap ter  3
B ian ch i T yp e-IX  S o lu tion
The coframe,wliich is proportional to the left-invariant 1-forms of the rotation 
group parametrized in terms of the euler angles,is
=  Ai ( — sin ißdO +  cos xjj sin 0(l(/)) 
=  A2 (cos 'ißdO -f sin ij^  sin 6d(f))
= X’^ {d'iß -f cos Od(f))
(3.1)
where the structure constants in equation (2.17) are totally antisymmetric
Cijk — i^jk
i.e. Bianchi Type IX.
The metric,(2.15),with euclidean signature,is
(3.2)
ds  ^ =  (Aj  ^sin^ V-’ +  2^ fj )^d0 ^
+ 2(—A,·^  +  ^ 2 ) sin 1/) cos ij) sin 0d0d(j)
+ [(A]·^  cos  ^r/> +  ^2 V’) sin  ^0 +  cos^ 0]d(f> ^
+ 2A32 cos Od(j>dtJj +  X^dtJ) 2
(3.3)
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W ith the co-frame,(3.1),the field equation.s (2.11) become
{ 2A,^  { 2 \ i  -  X i -  A /) -  2 (A/ +  A i) (A^ -  A3’ )’
-f/iAi A2A3 [ 2A,  ^(2Aj^  — X2 ~  X3 ) — {^2 ~  ^3 ) ~~ A/ 
-fdAi^Aj^Ag^A ] } =  0
( 2A3^ (2A,’ -  A,’ -  A3’ ) -  2 (A,’ +  A3’ ) {A,’ -  A3’ )’ 
-f/iAiA2A3 [ 2A2^  (2A2^  — A,  ^ — A3^ ) — (Aj  ^ — Ag^ ) — A2“* 
-^4A^ ^A2^ Aз^ A ] ) =  0
4A '^ A  ^ (2Ag^  — A2^ — Aj )^ — 2 (A  ^ -f- A2^ ) (Aj  ^ — X^)
-^/.A, A2A3 [ 2Ag^  (2Xi -  X i -  A 2) _  (A 2 -  -  A3''
+4X,^XiXiA  ] } =  0
(3.4)
(3.5)
(3.6)
which are the diagonal component.s of the field equations (2.11) The Ricci scalar 
(2.12) is given by
R  =  2)^^X^X ^ ^  ^  A3)(Ai +  A2 — A3)(Ai — A2 -fi A3)(—Ai -f A2 +  A3)
=  6A.
(3.7)
Solving equation (3.4) for A and using this in equation (3.5) one finds A 
and n interms of Ai , A2 and A3.Using these A and /x,equation (3.6) reduces to
(A,  ^ -- A2 )^(A,  ^ -  Ag^ )(A2^  -  Xi)
(Ai -|- A2 +  A3)(A] -b A2 — A3)(Aj — A2 -b A3)(—Ai -b A2 +  A3) =  0 (3.8)
If A =  0,equation (3.7),the Ricci scalar gives
11
Al +  A2 +  A3 — 0 
Al — A2 +  A3 =  0
Al +  A2 “  A3 — 0 
Al +  A2 +  A3 =  0 (3.9)
This case was studied by Y.Nutku,P.Baekler [8],I.Vuorio [10] and R.Percacci, 
et.al [11]
For A 7^  0 case,consistency of the field equations,(3.8) and the Ricci scalar 
equation (3.7) require tha t any two of the directions should be equivalent.For 
A2 =  A3 the m etric (3.3) becomes
ds  ^ =  (Aj  ^sin^ ij) +  \2 cos^ xf))d0 ^
+2( —A,^  +  A2^ ) .sin t/> cos V» sin 6d0d(j)
+ [(Aj^  COS^  l/) +  \2  sin  ^V’) sin  ^0 +  X2 ^
+ 2X2^  cos 0d(j)drp +  X^ dfJ) ^
(.3.10)
The field equations (3.4),(3..'5),(3.6) reduce to
4A^  { 4Ai(Aj^ — A2^ ) + ~ ^2 ) ~~ 4A2'*A] } — 0
and the Ricci scalar (3.7) reduces to
(.3.11)
(3.12)
2A.; = 6A, (.3.13)
Solving the above equations (3.11),(3.12) and (3.13) one finds
A] —
—6fj,
iP· +  27A ’
X 2  —  A 3  —
y/iP +  27A
(.3.14)
or equivalently
12
/7 . =
-3A ,
’
A =
4A / - (3.15)
Clearly any perm utation of the labels 1,2,3 above will also yield a solution.
C h ap ter 4
B ian ch i T y p e-V III  S o lu tion
For the lorentz signature,the cofranie,which is proportional to the left-invariant 
1-forms of Bianchi Type-VIII ,is
-|- sinh Od(f))
w’ =  Ai ( — sin x/hIO -|- cos xj) cosh Odif)) 
= A2(cos x/)dO -f sin x(> cosh Od<p)
where the structure constants of ecpiation (2.17) are
(4.1)
' 12  ^ ^20 —  ^ ty ni —01 (4.2)
The m etric, (2.15),with lorentz signature,is
ds^ — (A  ^sin^ xj) 4- \ 2  cos^ xj:i)d0 ^
-l-2(—Aj^  -|- X2 ) sin xjx cos »/> cosh 0d0d(j)
-f[(A 1^ cos·^  xj) 4- A^  ^sin^ xj)) cosh^ 0 — Aq^ sinh^ 0]d(j)  ^
- 2Aq2 sinh Odcjxdxl) -  X^dx!) 2
(4.3)
W ith this co-frame,(4.1), the field equations (2.11) become
13
14
2\2
+ / y,AoA ,A 2 [ 2Ao^ (2A„2 -  A 2 -  A^^) -  (A ^ _  A / ) "  -  A„''
- 4A„2A ^A 2A ] } -  0
(4.4)
4A(f A]^A;f  ^ ~  ~  ~  ^ ~
-|-/yAoAi A2 [ — 2Aj·^  (2· !^  ^ — -^ 0^  ~  ^^ 2^ ) i^O — ^^ 2^ )
+4A,?A/A/A I ) =  0
{ 2A," (2A ■ -  A,’ -  A„’ ) -  2 (A „H  A, )^ (A^ -  A, )^^
2 (2Aj^  — \ i  — Xq ) +
+ 4Aq'^A,^A2^A ] ) =  0
+ /yAoAi A2 [ — 2A.j^  A2 Xi A^ *  (Aq^ — Aj )^ +  A2'‘
(4.5)
(4.6)
which are the diagonal com])onents of the equation (2.11).The Ricci scalar 
(2.12) is given by
R — o \ i \ i (^0 +  A] +  A2)(Ao +  A| — A2)(Aq — A] +  A2)( —Ao +  Ai +  A2)ZAq Aj A2
= 6A.
(4.7)
Solving equation (4.4) for A and using this in equation (4.5) one finds A 
and n in terms of Ao , Ai and A2.Using these A and // equation (4.6) reduces to
(Aj* ^l^)(^0^ '^2^ )(' I^  ^ ^2 )
(Ao +  A] +  A2)(Ao +  A] — A2)(Ao — Ai T A2)(—Ao +  Ax +  A2) =  0 (^'^)
If A =  0,the Ricci scalar (4.7),gives
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^0 +  ^1 +  ^^ 2 — 0 Ao +  ~  2^ — 0
Aq — Ai +  A2 =  0 — Ao +  Ai +  A2 =  0 (1.9)
This case was also studied before,see the references [8],[10] and [11].
For A 7^  0 case,consist( 
equation (4.7) requires tha t any two of the directions should be equivalent. For 
A] =  A2 the m etric (4..3) reduces to
ds'  ^ = X '^ dO  ^ +  (A,  ^cosh^ 0 — X^ sinh^ 0)d(j) 
—2Xq sinh Od(j)dxl) — X^dip ^ (4.10)
The field equations (4.4),(4.5),(4.6) reduce to
{ -  4A„(A„= -  Xi·) +  ;.A,’ [1(Ai -  A,>) -  -  lA 'A ] ) =  0
{ — 9Ao{Ao^  — A| )^ +  /iA,^ [Ao^  +  1A|'A] } =  0
and the Ricci scalar (4.7) reduces to
(4.11)
(4.12)
4A,2 -  A.2
2X^R = = 6A
Solving the above e(|uations (4.11),(4.12) and (4.13) one finds
Ao — —
6/i
¡1^  -  27A A] — A2 — -  27A
(4.14)
or equivalently
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Il = 3Ao
2A,2
A =
Aq^ -  4A^  ^
12A,'·
(4.15)
Similarly, any perm utation of the labels 0,1 ,2  above will also yield a solu­
tion.
C h ap ter  5
C on clu sion
As a result we find tha t only those solutions in which two of the scale factors 
are the same adm it a cosmological constant.
For euclidean signature case,we had chosen A2 =  A3. Therefore the coframe
oj' =  Ai ( -  sin rlnlO 4- cos ip sin Odp) 
r= A2(cos IpdO + sin Ip sin Od(p) 
up =  \-i{dil) +  cos Od(p)
(5.1)
which is giving the metric
d.P = (A,  ^sin'  ^Ip 4- A./ cos^ iji)d0  ^
4-2( - A i^  4- ^ 2 ) 'I’ OdOdp
+ [(A,·^  cos^ ip +  X2 VO 0 4- ^ 2  0]d(p
4-‘2A.,^  cos Odipdip 4- ^ 2  ^V’ ^
(5.2)
is a Bianchi Type-lX .solution of the eucledianized D.JT field equations. In this 
case the param eters are
A, =
—6/(
fP + 21K ’
A2 — A3 —
17
3
+  27A
(5.3)
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or equivalently
/i =
-3A i 
2\.¡  ’
A =
4A,  ^ -
12A,·'
(5.4)
The spacetime is cle S itter if —'2h <  a < 26,anti-de Sitter if <x < ¿b ami 2h < a 
and flat if a =  ±26.
Any perm utation of the scale factors Ai,A2, A3 will also yield a solution. 
In the lim it A 0, eipiation (5.3) reduce to results which were obtained by 
I.Vuorio [10].
A2 =  A3 =  T^Ai =  - .  (5.5)
2 fi
Similarly,in the lorentz signature case for Ai =  A2, the coframe
=  Ao(di/’ ±  sinh <lf/(?!·) 
u)' =  A] (— sin ±  cos t/> cosh 0d<f)) 
= Ai (cos i/hW ±  sin cosh Odcf))
(5.0)
which is giving the metric
ds'  ^ =  X^^d0 ±  (Aj  ^cosh^ 0 — A„ sinh^ 0)d<j)
—2 \q sinh 0d(f)drj) — X^dtj) ^ (5.7)
is a Biaiichi Type-V lll .solution. 11 ere the parameters are
Ao —
6//
//2 -  27A ’
A] — A2 —
3
-  21 h
(5.8)
or equivalently
//, =
3Aq
2A,2 ’
A =
Aq^ -4A ,^
I2A1''
(.5.9)
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In this case,the spacetime is de Sitter if a < —2b and a >  26, anti-de Sitter if 
—2b < a <2b  and flat if a =  ±26.
Similarly any permutation of the labels 0, 1,2 above will also yield another 
solution.The limit A —> 0 in equation (5.8) was also obtained by l.Vuorio [10].
Aj — A'2 — ±  —Ao — — .2 fi
(5.10)
One can get the lorentz signature field equations and the parameters ft and 
A from the euclidean ones by formal re|)lacements
Ai —> —Aq a —> —A 
A'2 —> Aj A,3 —> A2 (5.11)
In both cases,for vacuum spheroidal solutions the DJT coupling constant 
enters as a conformal factor into the metric and could be removed by scaling 
the range of the Euler angles that enter into the representation of the left- 
invariant 1-forms (t\  With the introduction of the cosmological constant this 
is no longer the case.
From equcitions (5.3) and (5.8),there exists a critical value for the mass 
parameter ¡jl which is determined by the cosmological constant.
//. =  ± 3 \ / ^ (5.12)
However in tins case all tlie scale factors diverge to infinity.
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